Our goal in this paper is to find the form of solutions for the following systems of rational difference equations:
Introduction
Difference equations emerge as a natural representation of discovered evolution phenomena because most analysis of time evolving variables are discrete. Furthermore, non-linear difference equations of order greater than one are of immense importance in applications. Also several results in the theory of difference equations have been obtained as discrete analogues and as numerical solutions of differential equations. This is notably true in the case of Lyapunov theory of stability, which models various diverse phenomena in biology, ecology, physiology, physics, engineering, and economics. So, recently there has been an increasing interest in the study of qualitative analysis of rational difference equations and rational systems of difference equations. Although difference equations looks simple in form, but it is quite difficult to understand thoroughly the behaviors of their solutions, see and the references cited therein.
The periodicity of the positive solutions of the rational difference system x n+1 = αx n−1 by n x n−1 + c , y n+1 = αy n−1 βx n y n−1 + γ has been studied by Stevic in [27] . Camouzis [3] studied the boundedness, global stability, periodicity character and gave the solution of some special cases of the difference equation
x n+1 = α 1 + γ 1 y n + β 1 x n A 1 + C 1 y n + B 1 x n , y n+1 = α 2 + γ 2 y n + β 2 x n A 2 + C 2 y n + B 2 x n .
Kurbanli et al. [21] has studied the following system of difference equation
x n+1 = x n−1 x n−1 y n + 1 , y n+1 = y n−1 y n−1 x n + 1 .
El-Dessoky [10] investigated the periodic nature and the form of the solutions of nonlinear recurrence relations systems of order three x n+1 = y n−2 y n−1 x n (±y n−1 y n−2 ± 1)
, y n+1 = x n−2 x n−1 y n (±x n−1 x n−2 ± 1) .
Din et al. [6] investigated the dynamics of a system of fourth-order rational difference equations x n+1 = αx n−3 β + γy n−3 y n−2 y n−1 y n , y n+1 = α 1 y n−3 β 1 + γ 1 x n−3 x n−2 x n−1 x n .
The main objective of this paper is to investigate the forms and expressions of the solution of the difference equations systems x n+1 = x n−3 y n−4 y n (±1 ± x n−3 y n−4 ) , y n+1 = y n−3 x n−4 x n (±1 ± y n−3 x n−4 )
, n = 0, 1, . . . , with initial conditions having non-zero real numbers and [y n (±1 ± x n−3 y n−4 )] = 0, [x n (±1 ± y n−3 x n−4 )] = 0.
2. The first system: x n+1 = x n−3 y n−4 /y n (1 + x n−3 y n−4 ), y n+1 = y n−3 x n−4 /x n (1 + y n−3 x n−4 )
In this section, we study the existence of analytical forms of the solutions for the following system of difference equations:
x n−3 y n−4 y n (1 + x n−3 y n−4 ) , y n+1 = y n−3 x n−4 x n (1 + y n−3 x n−4 )
, n = 0, 1, . . . , (2.1) with non-zero initial conditions x −4 ; x −3 ; x −2 ; x −1 ; x 0 ; y −4 ; y −3 ; y −2 ; y −1 and y 0 are real numbers.
Theorem 2.1. Suppose that {x n , y n } is a solution for the system (2.1), then for n = 0, 1, 2, . . . , we obtain all solutions of system (2.1) are given by the following expression.
x 4n−3 = bf n l n n−1 i=0
(1 + ihb)(1 + ild) (1 + (i + 1)bf)(1 + idh) , x 4n−2 = ce n a n n−1 i=0
(1 + (i + 1)ag)(1 + ikc) (1 + (i + 1)cg)(1 + iek) ,
(1 + (i + 1)hb)(1 + ild) (1 + (i + 1)bf)(1 + (i + 1)dh) , x 4n = e n+1 a n n−1 i=0
(1 + (i + 1)ag)(1 + (i + 1)kc) (1 + (i + 1)cg)(1 + (i + 1)ek) , and y 4n−3 = ga n e n n−1 i=0
(1 + icg)(1 + iek) (1 + (i + 1)ag)(1 + ikc) , y 4n−2 = l n h f n n−1 i=0
(1 + (i + 1)bf)(1 + idh) (1 + (i + 1)hb)(1 + ild) , (1 + (i + 1)cg)(1 + iek) (1 + (i + 1)ag)(1 + (i + 1)kc)
,
(1 + (i + 1)bf)(1 + (i + 1)dh) (1 + (i + 1)hb)(1 + (i + 1)ld) , where x −4 = a, x −3 = b, x −2 = c, x −1 = d, x 0 = e, y −4 = f, y −3 = g, y −2 = h, y −1 = k, and y 0 = l with the initial value must be non-zero and ag, kc, hb, ld, cg, ek, bf, dh / ∈ − 1 n , n = 1, 2, . . . .
Proof.
For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n − 1. That is,
and
Now, it follows from system (2.1) that
And similarly
e n a n−1
Again, from system (2.1) we get that,
= e n+1 a n (1+(n−1)ek+ek)
Also, we can prove the other relations. This completes the proof.
Example 2.2. In order to verify the results of this section, we deal with some numerical example for the difference system (2.1) with the initial conditions
2, y −3 = 9, y −2 = 1.5, y −1 = 5, and y 0 = 9 (see Figure 1 ).
3. The second system: x n+1 = x n−3 y n−4 /y n (1 + x n−3 y n−4 ), y n+1 = y n−3 x n−4 /x n (1 − y n−3 x n−4 )
In this section, we study the existence of analytical forms of the solutions for the following system of difference equations: Figure 1 Theorem 3.1. Suppose that {x n , y n } is a solution for the system (3.1), then for n = 0, 1, . . . ., one obtains
where
with the initial value must be non-zero and ag, kc, hb, ld / ∈ 1 n , n = 1, 2, . . . and cg, ek, bf, dh / ∈ − 1 n , n = 1, 2, . . . .
.
Deducing from system (3.1) we get,
Similarly,
Again extracting from system (3.1), we get
and similarly,
Also, we can prove the other relations. Thus the proof is completed.
Example 3.2.
In order to verify the results of this section, we deal with some numerical example for the difference system (3.1) with the initial conditions Figure 2 4. The third system: x n+1 = x n−3 y n−4 /y n (−1 + x n−3 y n−4 ), y n+1 = y n−3 x n−4 /x n (1 + y n−3 x n−4 )
In this section, we study the existence of analytical forms of the solutions for the following system of difference equations
with non-zero initial conditions
, and y 0 real numbers.
Theorem 4.1. Suppose that {x n , y n } is a solution for the system (4.1) then for n = 0, 1, 2, . . . , one obtains
, where x −4 = a, x −3 = b, x −2 = c, x −1 = d, x 0 = e, y −4 = f, y −3 = g, y −2 = h, y −1 = k, and y 0 = l with the initial value must be non-zero and ag, kc, hb, ld / ∈ 1 n , n = 1, 2, . . . , and cg, ek, bf, dh = −1.
Proof. For n = 0, the result holds. Now suppose n > 0 and our supposition hold for n − 1. That is,
. Now, we deduce from system (4.1) that
Again, we see from system (4.1) that
. Now, we see from system (4.1) that
Also, the other relations can be proved similarly. This completes the proof. 5. The fourth system: x n+1 = x n−3 y n−4 /y n (1 + x n−3 y n−4 ), y n+1 = y n−3 x n−4 /x n (−1 − y n−3 x n−4 )
, n = 0, 1, 2, . . . , (5.1) with non-zero initial conditions x −4 , x −3 , x −2 , x −1 , x 0 , y −4 , y −3 , y −2 , y −1 and y 0 .
Theorem 5.1. Suppose that {x n , y n } is a solution for the system (5.1) then for n = 0, 1, 2, . . . ., one obtains
(1 + (2i + 1)hb)(1 + (2i + 1)ld)(1 + 2ihb)(1 + 2ild) (1 + (2i + 1)bf)(1 + (2i + 1)dh)(1 + (2i + 2)bf)(1 + 2idh) ,
(1 + (2i + 1)ag)(1 + (2i + 1)kc)(1 + (2i + 2)ag)(1 + 2ikc) (1 + (2i + 1)cg)(1 + (2i + 1)ek)(1 + (2i + 2)cg)(1 + 2iek) ,
(1 + (2i + 1)hb)(1 + (2i + 1)ld)(1 + (2i + 2)hb)(1 + 2ild) (1 + (2i + 1)bf)(1 + (2i + 1)dh)(1 + (2i + 2)bf)(1 + (2i + 2)dh) ,
(1 + (2i + 1)ag)(1 + (2i + 1)kc)(1 + (2i + 2)ag)(1 + (2i + 2)kc) (1 + (2i + 1)cg)(1 + (2i + 1)ek)(1 + (2i + 2)cg)(1 + (2i + 2)ek) ,
(1 + (2i + 2)hb)(1 + (2i + 1)ld)(1 + (2i + 3)hb)(1 + (2i + 2)ld) (1 + (2i + 2)bf)(1 + (2i + 2)dh)(1 + (2i + 3)bf) (1 + (2i + 3)dh) ,
, where x −4 = a, x −3 = b, x −2 = c, x −1 = d, x 0 = e, y −4 = f, y −3 = g, y −2 = h, y −1 = k, and y 0 = l with the initial value must be non-zero and ag, kc, hb, ld, cg, ek, bf, dh / ∈ − 1 n , n = 1, 2, . . . .
Proof.
For n = 0, the result holds. Now suppose n > 0 and our supposition hold for n − 1. That is,
, and
(1 + (2i + 1)bf)(1 + (2i + 1)dh)(1 + 2ibf)(1 + 2idh) (1 + (2i + 1)hb)(1 + (2i + 1)ld)(1 + 2ihb)(1 + 2ild) ,
(1 + (2i + 1)cg)(1 + (2i + 1)ek)(1 + 2icg)(1 + 2iek) (1 + (2i + 1)ag)(1 + (2i + 1)ck)(1 + (2i + 2)ag)(1 + 2ick) ,
Deducing from system (5.1)
Again, extracting from system (5.1) we get,
From system (5.1),
Also, the other relations can be proved similarly. This completes the proof. 
Other systems
The following theorem can be proved similarly. Theorem 6.1. Suppose that {x n , y n } is a solution for the system x n+1 = x n−3 y n−4 y n (1 − x n−3 y n−4 ) , y n+1 = y n−3 x n−4 x n (1 + y n−3 x n−4 )
, n = 0, 1, 2, . . . , then for n = 0, 1, 2, . . . , one obtains
where the initial value must be non-zero and ag, kc, hb, ld / ∈ − 1 n , n = 1, 2, . . . and cg, ek, bf, dh / ∈ 1 n , n = 1, 2, . . . .
Theorem 6.2.
Suppose that {x n , y n } is a solution for the system
with non-zero initial conditions x −4 , x −3 , x −2 , x −1 , x 0 , y −3 , y −3 , y −2 , y −1 , and y 0 , then for n = 0, 1, 2, . . . , 
Theorem 6.3.
Suppose that {x n , y n } is a solution for the system x n+1 = x n−3 y n−4 y n (−1 − x n−3 y n−4 ) , y n+1 = y n−3 x n−4 x n (1 − y n−3 x n−4 )
, n = 0, 1, . . . , then for n = 0, 1, . . . , (1 − (2i + 2)ag)(1 − (2i + 2)kc)(1 − (2i + 3)ag)(1 − (2i + 3)kc)
, l with the initial value must be non-zero and ag, kc, hb, ld / ∈ − 1 n , n = 1, 2, . . . , and cg, ek, bf, dh / ∈ 1 n , n = 1, 2, . . . .
The following systems can be considered as similar. Therefore, the form of expression and proof of the following systems can be obtained similarly to the above theorem.
x n+1 = x n−3 y n−4 y n (−1 + x n−3 y n−4 ) , y n+1 = y n−3 x n−4 x n (−1 − y n−3 x n−4 ) .
x n+1 = x n−3 y n−4 y n (−1 − x n−3 y n−4 ) , y n+1 = y n−3 x n−4 x n (−1 + y n−3 x n−4 ) .
x n+1 = x n−3 y n−4 y n (−1 + x n−3 y n−4 )
, y n+1 = y n−3 x n−4 x n (−1 + y n−3 x n−4 ) .
x n+1 = x n−3 y n−4 y n (−1 − x n−3 y n−4 )
, y n+1 = y n−3 x n−4 x n (−1 − y n−3 x n−4 ) .
x n+1 = x n−3 y n−4 y n (1 − x n−3 y n−4 )
, y n+1 = y n−3 x n−4 x n (1 + y n−3 x n−4 ) .
x n+1 = x n−3 y n−4 y n (−1 + x n−3 y n−4 ) , y n+1 = y n−3 x n−4 x n (1 − y n−3 x n−4 )
